Chapter 7

Brownian Motion: Fokker-Planck
Equation

The Fokker-Planck equation is the equation governing the time evolution of the probability
density of the Brownian particla. It is a second order differential equation and is exact
for the case when the noise acting on the Brownian particle is Gaussian white noise. A
general Fokker-Planck equation can be derived from the Chapman-Kolmogorov equation,
but we also like to find the Fokker-Planck equation corresponding to the time dependence
given by a Langevin equation.

The derivation of the Fokker-Planck equation is a two step process. We first derive
the equation of motion for the probability density 4/varrho(x, v, t)4 to find the Brownian
particle in the interval (x,z+dx) and (v, v+dv) at time ¢ for one realization of the random
force £(t). We then obtain an equation for

P(z,v,t) = (o(x,v,1))¢

i.e. the average of o(x,v,t) over many realizations of the random force. The probability
density P(z,v,t) is the macroscopically observed probability density for the Brownian
particel.

7.1 Probability flow in phase-space

Let us obtain the probability to find the Brownian particle in the interval (z,z + dx and
(v,v 4+ dv) at time ¢. We will consider the space of coordiantes = (z,v). The Brownian
particle is located in the infinitesimal ara dezdv with probablity o(z, v, t)dxdv. The velocity
of the particle at point (z,v) is given by £ = (&,0) and the current density is xp. Since
the Brownian particle must lie somewhere in the phase-space —00 < & < 00,00 < ¥ < 00

we have the condition
oo o
/ dx/ dvo(z,v,t) =1
— 0o — 0

Let us now consider a finite area, or volume, Vj in this space. Since the Brownian particle
cannot be destroyed a change in the probability contained in V; must be due to a flow of
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90 Chapter 7 Brownian Motion: Fokker-Planck Equation

probability through the surface Sy surrounding Vy. Thus

d
// dzdvo(z,v,t) ——/ o(z,v,t)z - dS
dt Vo So

We can now use Gauss theorem to change the surface integral into a volume integral.

// da:dv o(z,v,t) // dzdvV - (zo(x,v,t))
Vo Vo

Since Vj is fixed and arbitrary we find the continuity equation

O plav,1) =~V - (ol v,0) = (g0l v, 1) ~ o (vl v,1)  (T.)

This is the continuity equation in phase-space which just state that probability is con-
served.

7.2 Probability flow for Brownian particle

In order to write (7.1) explicitly for a Brownian particle we must know the Langevin
equation governing the evolution of the particle. For a particle moving in the presence of
a potnetial V(x) the Langevin equations are

e
dv 0% 1 1
) I N ) R 2
Py Rty (7.2
where the force F/(z) = —V’(z). Inserting (7.2) into (7.1) gives
d d v 0 1 0
ag(wvvvt) - _% (UQ(JZ’ U7t)) + E% (UQ(ZII,U,t)) - %F(l’)%g(l',v,t)

- 75( ) (:C v t) _LOQ(x7U7t) - Ll(t)zg(w:%t)

where the differential operators Ly and L are defined as

0 0 1 0
Ly = vg-—L—Tvo ot —Pla)

6:Bmm8’u v

1
L, = Eé(t)%

Since &(t) is a stochastic variable the time evolution of ¢ will be different for each realization
of £(t). However when we observe an actual Brownian particle we are observing the average
effect of the random force on it. Therefore we introduce an observable probability density
P(z,v,t) = <€(t)>§

Let

then
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This equation has the formal solution
t
o(t) = exp [—/ dt’V(t')] a(0)
0
which follows since formally
t1
O‘(t) = / dt1V tl) 751 == O‘ / dt1V tl / dtl/ dtQV tl tg) ( )

+ /dtl/tl dty - / Aty V)V (E) .. V(tn 1) (0) +
= Z(nl!) [ /0 dth(tl)]na(O)—exp {— /0 tdt’V(t’)] a(0)

n=0

The third step follows since by changing the order of integration and then varibles

[ [Mawveovis = [ /t:dnme(fz) = [ /tfdhv(“)v(m

so that
t t1 1 t 2
[an [awvieven =5 | [ anvn)
0 0 2 1Jo

/O’fdtl /0“ dt2.../0t" it AV V(1) -V (t) = [/Otdtﬂ/(tl)] (7.3)

then by taking the derivative

d/tdtl /tl dt2~-'/tn+1 dt, V(1) V (t2) ... V(t,)
_ / dts / ® ity / by V)V (E) . V()

_ V(t)n! U dt1V(t1)} :jtml—l)![/otdtlv(tl)rﬂ

By induction it therefore follows that (7.3) holds. Taking the average (---)¢ over the
Gaussian noice £(t) we see that (o(t))¢ is the characteristic function of the random variable
X(t) = ifg dt1V(t1). This must again be a Gaussian variable with (X (¢))¢ = 0 and the

variance is ‘ ¢
1
= 2/ dtl/ dt2<V(t1)V(t2)>
0 0

Since the characteristic function for the Gaussian variable X (¢) is exp (1X (t)) = exp (inx — (X (£)?)/2)

we find
ot =ew (3 [ an [ aeveves) oo (7.4

Also assume that
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This formula is just a special case of a cumulant expansion. The integral in (7.4) becomes

I ! Lot O Lyt oLot 1 O Lyt

- dtl dt2<V(t1)V(t2)>£ = dtl dtg ot — ( ) e T0Me0t2 f(t ) e 0 2>€
2 0 0 ov ov

— / dt, elot1 ~__ 0’ e Lot
2m2 0 902 °

Then

0 g 0% _
8t< o(z,v,t))e = WeLotwe Fol{o (2, v,t))e

This gives for (o(z,v,t))¢

0 g 02

§<Q(l’7 v, t)>§ = _LU<Q($7 v, t)>§ + mw<g($, v, t)>f
and for the probability distribution

2
%P(:ﬂ,v,t) 70% (z,v,t) — % [(;U - ;F(@) P(x,v,t)} + %W%P(x,v,t)
(7.5)
This is the Fokker-Planck equation for the probability Pdzdv to find the Brownian
particle in the interval (x,z + dz, (v,v + dv) at time t.
We can write the Fokker-Planck equation as a continuity equation

0
“p — V-
5 (x,v,t) V-j

where V = e,,0/0z + e,0/0v and the probability current is

j:emvP—eUK”v—lF(x))PJr g ap]

m m 2m2 v

7.3 General Fokker-Planck equation

We can obtain the Fokker-Planck equation for a quite general Langevin equation for the
dynamics of a set of fluctuating variables

a = {al,ag,...}

We assume a general friction term vj(aj,ag,...) = v;(a) and assume a Gaussian noise
&;(t) where

&) =0
(Gi(t2)&(t1)) = gijo(ta — ty)

The Langevin equation becomes
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or in vector form

d
Zalt) = v(a) +£(0)

We ask for the probability distribution

P(a,t) = (o(a,t))¢
Again from conservation of probability

0 0

da
a@(ai) + Ja [dtg(a’t)] =0

Usin the Langevin equation to solve for da/dt we find

0 0 0

srelat) = 5 (vl@ela,) - 5 (€0ea ) = ~ (Lo + La(t)] efas 1)

where

0
L) = &) 5
Following the steps as above we find
0 0 10 0

Here g is a tensor with elements g;;.

Example

Our previous result can be obtained as a special case of (7.6). The Langevin equations are

dx
E = v
j—: = Loy %F(x) + %5(7&)
where
(€(t2)€(tr)) = 2vkBT6(t2 — t1)
Then

() (i)

€0 = (260) o= (0 =)

The Fokker-Planck equation becomes

gtP(x,v,t) _ 9 P -2 [(—% + F(:z)) P(z,v, t)] +
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The equilibrium distribution 9/0tP(z,v,t) = 0 is the solution to

0 0 v 1 vkpT 02 B
— [vP(x,v,t)] — B [(—mv + mF(m)) P(m,v,t)] + -~ ﬁp(m,v,t) =0
The Hamiltonian of the Brownian particle is
H= %va + V(zx)
i.e we can write the equilibrium condition as
0 |0H 1 0 [0H v 0 [OH kT O B
—% |:8/l)P(.’L‘7U,t):|+mav [amp(x,v,t)] +%% |:a/UP(£U,U7t) + mavP(l‘,’U,t):| =0
Assuming that
P =f(H)
we find
0 |0H 1 0 |[0H ~v OH |0H kT OH ,
—— | —f(H —— | —f(H —— | —f(H)+ ——f'(H)| =
83:[81} ( )] m@v[(‘)x ( )} m Ov [81} ( )+m8v (H) 0
This equation is satisfied if
OH
oxov

fH) +keTf'(H) = 0

with the solution

f) = e, =

The Fokker-Planck equation is therefore consistent with a Boltzmann equilibrium distri-
bution.

7.4 Averages and adjoint operators

Sometimes we want the full solution of a Fokker-Planck equation, but sometimes we are
interested only in certain averages. These can be found by two distinct but equivalent
procedures analogous to the Schrodinger- Heisenberg duality in quantum mechanics.

First we can follow the evolution of some initial state P(a,0) by solving the Fokker-
Planck equation

B
= P(a,t) = —LP
g (a:t) (a,t)

where the operator L is given by
0 0 0
L=—. -~ .p. =
Oda v(a) Jda da
with v a streaming term and D a diffusion tensor. The Fokker-Planck equation has the

formal operator solution
P(a,t) = e ' P(a,0)
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This can be used to obtain the average of any dynamical property A(a)
(A(L)) = / daA(a)P(a,t) = / daA(a)e=" P(a, 0) (7.7)

We introduce the adjoint operator LT defined by
[ dav @it = ( [ dav(@tio)

or (p|Lap) = (LT¢|yp)*. By partial integration we find

0 0 0

The average in (7.7) can be obtained by partial integration

(A(t)) = / daA(a)e_LtP(a,O):Z(_;')n / daA(a)L"P(a,0)
n=0 ’

= - (—t)" o l(Lhm Ala a.0) = ale=T Ala a
S-S0 e[ aw] pe.o = faale agw] Pao

n!
This defines the time-dependent variable
Aa,t) = e L't Ala)
The equation of motion for the dynamical variable A(a,t) becomes

9
ot

0 0 0

Ala,t) = —L'A(a,t) = (—v(a) o " 5a D aa> Ala,t) (7.8)

7.5 Green’s function

Lt

A formal solution of the Fokker-Planck equation uses the operator e~ A somewhat

more explicit solution uses the Green’s function G(a,t|a)

Pla,t) = / dayG(a, ) P(ap, 0)
The Green’s function is the conditional probability to find the systems in state a at time
t when is started at ag at time t = 0. It satisfies the equation

0
aG(a, tlag) = —LG(a,t|ag)

G(a,0|ap) = 6(a — ap)
When the streaming term v(a) is linear in a

via)=C-a
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and the diffusion tensor D is constant independent of a, the Green function can be found
explicitly by the Fourier transform

Gk, t|ag) = / dac'®* G a, t|ag)

Then

0 - 0 - .
5;C(kotlag) =k C - = G(k,tlag) — k- D kG(k, t|ao)

which follows since a derivatives of a gives a factor —ik and multiplication by a gives a
derivative with repsect ot . Dividing by G(k,t|ay) gives

g - o .
Gk, tlao) = k- C- -Gk, tlao) — k- D -k

If we make the Gaussian ansatz

In G(k, tlag) = im(t) - k — %k - S(t) - k

with the unknown vector m(t) and tensor S(t) we find

d 1 d . 1 1 .
Cm(t) k- k- —S{t)-k=ik-C-m(t)— -k-C-S(t) - k—-k-St)-CT - k—k-D-k
ldtm() 5 dtS() ik-C -m(t) 5 C-S(t) 5 S(t)-C

Identifying equal powers of k this gives

Sm(t) = O m(t)
%S(t) = C-S(t)+S(t)-cT+2D (7.9)

From the initial value In G(k, 0|ag) = ik - ag we find
m(0) =ag, S(0)=0
The solution to (7.9) can then be written
(7.10)

eCt-ao
t
Sit) = 2 / dseCt=9)t . p . (L (t-9)t (7.11)
0

which one can easily verify by substitution. These quantities have a simple interpretation
in terms of averages and mean squared fluctuations since

(ié(k,tl%))kzo = /daiaG(a,tlao) = i(a) = im(t)
and

G’(k,t!ag)> = —/daaaG(a,t|a0) = —(aa) = —m(t)m(t) — S(t)

9
Ok ko

9
Ok
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and
5(t) = (aa) — (a){a) = ([a — (a)] [a — (a)])

Since G(k,t|ag) is a Gaussian the inverse transform also give a Gaussian and follows the
same lines as we did before in connection with the multivariate Gaussian distribution and

we find

1

1/2
G(a,tlap) = [271’(161‘55(75) :] exp <—2 [a —m(t)] - S7t)  [a — m(t)]) (7.12)

7.6 Examples

Free Brownian particle

For a free Brownian particle we have the Langevin equation

dv
— = t
Then with vector notation
_ 1 2vkT
vy = - vy == —¢(t vy = I
ae,, v(a) L mf( ey, g 2
The general Fokker-Planck equation (7.6)
0 0 10 0
—Pla,t) = —— - P(a,t))+ =— D - —P(a,t
2 Plat) = 2o @)P(a ) + 5 oD £ pla,)
becomes 5 5 e
g -9 (0 JRBL O
S P(0.t) = — ( mvP(v,t)> + S P(u,) (7.13)

This is a linear equation and we can directly obtain the solution for the Green function
from (7.12). The moments are obtained from (7.11) with C = —v/mI. Therefore

m(t) = eCt - ve, = e Buge, = m(t)e,, TH = —
~
Also
t t
S<t) - 2/ dseC(tis)-D~eCT(t78)t — 2/ dsef2(t75)/TB f}/:liBQTI — kilTI |:1 _ e*?t/TB:| — S(t)I
0 0

The Green function is then

R (v — m(t))? Bm Bm (v — vpet/77)*
et = [gzsg] oo (o) =\ e e (3 e

We see that

1/2
G (v, tlvg) — (ﬁ;n) e_ﬂm”2/2, t — 00

™

i.e a Maxwell-Boltzmann distribution as expected.
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Diffusion controlled reactions

The rate of chemical reactions in condensed phases is often determined by the rate at
which the reacting species get close enough together to react. Once they get within some
critical distance of each other, the making and breaking of chemical bonds takes place
rapidly. The process by which the reactive particles reach that critical distance is the
brownian motion of the particles themselves. Such reactions are called diffusion controlled
reactions since the diffusive Brownian motion of the species is the rate determining step.

There are two reacting species A and B in solution. At first we consider B to be
stationary and species A to diffuse with diffusion constant D 4. When an A particle comes
within a distance R of a B particle the particles react and effectively disappear from the
problem. For simplicity the particles are assumed to be spherical. We also assume that
there are no forces between A and B when they are farther apart than R.

Let the concentration of A and B particles be n4 and np respectively. The rate at
which A particles disappear is then np times the flux of A particles across the sphere of
radius R surrounding a B particle. If 7 be the current density of A particles we have

rate = —np /j -dS = 47 R*npj,(R, 1)

where j, is the radial component of j. The integration is over the surface of a sphere of
radius R about the stationary B particle, and the current j is supposd not to vary on the
surface S.

The current is given by Ficks law

Jj=—-DaVny

and the continuity equation for n4 leads to the diffusion equation

O _ p, vy =pat 2 (1“28”'4>
r or

In the last step we have expressed the Laplacian in terms of spherical coordinates and
used the spherical symmetry in the problem. The initial and boundary conditions are

na(r,t =0) = nOA
na(r,t) — n%, 7 — 00
nA(Rat) = 0, r=R

The second condition requires that the concentration very far from the sink (B particle)
is not perturbed by the sink. The last condition insures that the sphere of radius R is a
sink. At » = R the A particle reacts and it is then no longer an A particle.

We define a new function

_ u(rt)
nA(Ta t) = r
then 5 5
P20 —u(r,t) + r—u(r,t)

or or
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and so u(r,t) satisfies the simple diffusion equation
2

u(r,t) = DA%U(T, t) (7.14)

9
ot B

and the boundary conditions are

u(r,t) — nSr r— o0
u(R,t) = 0

The solution to (7.15) with the initial condition U(r,0) = n%r,r > R is
o0
u(r,t) = / dr'G(r, t|r", 0)n%s’
R

where the Green functionG satisfies (7.14) with a d(r — r’) initial condition and boundary
condition

G(R,tl") =0

For a homogeneous medium the diffusion equation has the solution

1/2
Go(r, t|r',0) = : / e (r=r 1)?/2Dt
Y 47 Dt

To satisfy the boundary condition we introduce a mirror source in = s and choose s so
that the boundary condition is satisfied, i.e.

G(r,t|r',0) = Go(r,t|r',0) — Go(r, t|s,0)
Then G(R,t|r 1,0) = 0 provided

r/

(R—7)?*=(R-5)? = s:{ 9R 11

Therefore the Green-function which satisfies the boundary condition at » = R is

G(r t]r',0) = ( 1 )1/2 |:ef(r7T’)2/2Dt _ef(r+r’72R)2/2Dt]
U \4nDt

The solution for the density of A particles na(r,t) in the region r > R therefore becomes

O ( 1 \'* > : :
na(r,t) = ”TA <47rDt> /R dr' |:ef(rfr )2/2Dt _ o—(r+r 72R)2/2Dt] o

Then by a change of variables

na(r,t) = T;%rr [/ —oo\T/gi%dge_52 (7‘ — @5) — / r ;lioodge_52 (\/TDtﬁ + 2R — r)]

2R 1 r— R 2 R R 2 =R 2

_ 0 —£ _ .0 £

= ny|l— ——— dée =ny [l——+ —— [ 0v2Dtd€e
A[ T A\/2m V2Dt ¢ ] A[ T § }
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The radial component of the current for particle A then becomes

R R 1 e—(T—R)Q/QDt . R 2

r—R 2
(1) = —Da—na(rt) = —Dan® |~ + 2= d 0VaDridee
3o0) = ~Daginatrt) = ~Dary |+ o RN ]

and so

This gives the rate
te = Dananp R[ . } k
rate = Dananpdn — T+ —F—— | = KABNANB
R \/7nDt

with the rate constant

1
kap = Da4mR | = +
an =Dtk |+ =]

The time dependent correction is of little interest experimentally.
In reality the B particles move around just as do the A particles. We can take account
of this motion by replacing D4 with D4 + Dp. Then wth the Stokes-Einstein relation

- ksT
' 6mnRi

we find
2kpT (R4 + Rp)?

37 RaRp

kap = 47R(D4 + Dp) =



